Pre-APMOPS Course Fibonacci numbers

LESSON 5: FIBONACCI NUMBERS
Collected and created by: Teacher Tran Hiwu Hiéu
The Fibonacci Sequence is the series of numbers:
0,1,1,2,3,5,8, 13,21, 34, ...
The next number is found by adding up the two numbers before it.
+ The 2 is found by adding the two numbers before it (1+1)

+ Similarly, the 3 is found by adding the two numbers before it (1+2), And-the 5 is
(2+3), and so on!

When we make squares with those widths, we get a nice spiral:

Do you see how the squares fit neatly together?
For example 5 and 8§ make 13, 8 and 13 make 21, and so on.

The Fibonacci Sequence can be written as a "Rule":

n= o 1 2 3 4 5 6 7 8 g 3 S S G B e S

Xn = 0 1 1 2 3 5 8 13 21 | 34 |55 | 89 143 233 377

Example: the 8th term is I
the 7th term plus the 6th term:
5813|2134 55

Xg = X7 + Xg

Example 1: A pair of rabbits can reproduce a pair of baby rabbits every month. The
baby rabbits take a month to mature before they can reproduce another pair of baby
rabbits. How many pairs of rabbits will there be by the end of one year?
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Solution: Let A denote a pair of adult rabbits and B denote a pair of baby rabbits.

== one pair at the end of first month

A
A/ \ . > pairs at the end of second month
A/ \B P{
SN N

A/ A\B E‘{ A/ \B A/\ B \A

== 3 pairs at the end of third month
== 5 pairs...

>> 6 pairs....

So we have: 1,2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ....
There will be 233 pairs of rabbits by the end of one year!!!
Example 2: There is a flight of 6 steps in a staircase. Dave can take single or double
steps each time when he climbs the staircase. In how many ways can he complete the
climbing?
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To reach step (1): 1 way ( 1 single-step)

Solution:

To reach step (2): 2 ways (2 single-steps or 1 double-step)

To reach step (3): 3 ways (3 single-steps / 1 double-step followed by 1 single-step/ 1
single-step followed by 1 double-step)

To reach step (4): 5 ways

Consider the following rules: In order to reach step (4), the last time Dave can climbs
is in two different ways:
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- reach step (2) and followed by a double-step.
- reach step (3) and followed by a single-step.

Number of way to reach step (4) = Number of way to reach step (3) + Number of way
to reach step (2).

We have shown that this is a set of Fibonacci numbers.
1,2,3,5,8,13, 21, ....
=> Dave can complete the climbing in 13 ways.

Problem 1: If the first three Fibonacci numbers are given as 1, 1 and 2, then what is
the eleventh number?

Problem 2: If the first three Fibonacci numbers are given as x;= 1, xo=1 and x3 =2,
then what is the least value of n for which x,> 500?

Problem 3: The partial sums of the first n and n + 1 numbers of the Fibonacci
sequence are both divisible by 11. What is the smallest value of n for which this is
true?

Problem 4: Is it possible for a Fibonacci number greater than 2 to be exactly twice as
big as the Fibonacci number immediately preceding it? Explain why or why not.

Problem 5: Find the missing numbers in each of the following:

a) 3,06, ( ), (), 24, ( ), -
b) 3,5, ( ), (), 21, ( )y cen

Problem 6: A sequence follows the pattern of Fibonacci numbers. Find the value of a
if the value of'the 6" term equals 50 in: 5, a, 5 + a, ...

Problem 7: Mary plans to save a amount of money in January, and increase to b
amount.of money in February. The amount of money she plans to save in March will
be the sumof @ and b. The money she saves in April will be the amount of money she
saves in February and March, and so on. Find the value of a and b if Mary saves $75
in June. Assume a and b are whole numbers.

Problem 8: Find the value of a in the following sequence. The value of sixth term
equals 60.

a,3,at3,at6,...

Problem 9: Find the value of bin: 3, b, 3 + b, 3 + 2b, ....if the sixth term is 84.
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Problem 10: There are 12 matchsticks on a table. In how many ways can you draw
the matchsticks if you can draw one or two matchsticks each time?

Problem 11: How many sequences of 1's and 2's sum to 14?

Problem 12: There is a flight of 8 steps in a staircase. A person can either take one or
two steps up each time. In how many ways can the person reach the eighth step?

Problem 13: Peter bought a pair of baby rabbits in January. The baby rabbits grew up
to adult rabbits in the second month and became productive in the third month. How
many pairs of rabbits would there be in 12 months?

Problem 14: The second term of a Fibonacci number is 12. Its eight term 1s 180. Find
the value of its first term?

Problem 15: In how many ways can a bee reach cell K if it start its journey from
either cell A or cell B?
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FIBONACCI NUMBERS
VOCABULARY
No Words Meaning
1 numbers sO
2 In how many ways ... Co bao nhiéu céach ...
3 Cell 0
4 Rabbits Con tho
5 Amount Mot lugng...
6 Either ... or Hoac ... hoae ...
7 Pair Cap..:
8 Follow / followed Theo sau / theo sau béi...
9 Step budc
10 | Staircase Cau thang
11 Reach Pat dén... tiép can dén, dat duoc ..
12 | (Sixth) term S6 hang thir (6)
13 | Immediately Preceding Ngay trudce
14 | Preceding Trudc
15 | possible C6 thé
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